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Abstract

In this article, we discuss the existence and multiplicity of positive solutions
for the sixth-order boundary value problem with three variable parameters as

follows:
u® + At)u® + B(t)u® + C(t)u + f(x,u) =0,

u(0) =u(l) =u (0) =u" (1) = u®(0) =u® (1) =0,
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where A(t), B(t),C(t) € C[0,1],f(t,u) : [0,1] x [0,00) — [0.00) is continuous.
The proof of our main result is based upon spectral theory of operators and
fixed point theorem in cone.

Keywords: sixth-order differential equation; positive solution; fixed point

theorem; spectral theory of operators.

1 Introduction

In this article, we study the existence and multiplicity of positive solution for
the following nonlinear sixth-order boundary value problem (BVP for short) with
three variable parameters

—u® — C()u® + Bt)u" — A(t)u = f(t,u), t€(0,1),

(1.1)
u(0) = u(1) = v (0) = u" (1) = u™®(0) = u¥(1) = 0,

where A(t), B(t),C(t) € C[0,1], f(t,u) : [0,1] x [0,00) — [0.00) is continuous.

In recent years, BVPs for sixth-order ordinary differential equations have been
studied extensively, see [1-7] and the references therein. For example, Tersian and
Chaparova [1] have studied the existence of positive solutions for the following sys-
tems (1.2):

u® + Au + Bu" + Cu— f(t,u) =0. 0<xz <L,

(1.2)
u(0) = u(L) = u"(0) = u" (L) = u(0) = u (L) =0,

where A, B, and C are some given real constants and f(x,u) is a continuous function
on R?, is motivated by the study for stationary solutions of the sixth-order parabolic
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differential equations

ou 0% tu 0%u
ot 916 +A8x4 + B@xQ +f(@u).

This equation arose in the formation of the spatial periodic patterns in bistable
systems and is also a model for describing the behaviour of phase fronts in ma-
terials that are undergoing a transition between the liquid and solid state. When
f(x,u) = u — 3, it was studied by Gardner and Jones [2] as well as by Caginalp
and Fife [3]. In [1], existence of nontrivial solutions for (1.2) is proved using a
minimization theorem and a multiplicity result using Clarks theorem when C' =1
and f(z,u) = u®. The authors have studied also the homoclinic solutions for (1.2)
when C'= —1 and f(x,u) = —a(x)ulu|?, where a(z) is a positive periodic function
and o is a positive constant by the mountain-pass theorem of Brezis—Nirenberg and
concentration-compactness arguments. In [4], by variational tools, including two
Brezis—Nirenbergs linking theorems, Gyulov et al. have studied the existence and
multiplicity of nontrivial solutions of BVP (1.2).

Recently, in [5], the existence and multiplicity of positive solutions of sixth-order

BVP with three parameters

_u(6) — 7u(4) -+ /BUH — QU = f(t’ u), t e [07 ].],
(1.3)
uP(0)=u?(1)=0, i=0,1,2,3,4,5
has been studied under the hypothesis of
(A1) f:]0,1] x [0,00) — [0.00) is continuous.
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(A2) «a,(,v € R and under the condition of satisfying

a B 7
$+F+p<1,

3nt — 2912 — B3>0, <37,

18aBy — 3242 + 4oy + 2702 — 432 < 0,

the existence and multiplicity for positive solution of BVP (1.3) are established by
using fixed point index theory. In this article, we consider more general BVP (1.1),
based upon spectral theory of operators and fixed point theorem in cone, we will
establish the existence and multiplicity positive solution of BVP (1.1) and extend
the result of [5] under appropriate conditions. Our ideas mainly come from [5,8-10].

We list the following conditions for convenience:

(Hy) f:]0,1] x [0,400) — [0.+ 00) is continuous.

(Hy) A(t),B(t),C(t) € C[0,1], @ = ming<;<1 A(t), § = ming<<; B(t), v =

ming<;<; C(t), and satisfies

a [
$+F+P<1,

3nt —2yn? — B3>0, <37

18aBy — 324% + 4ay® + 2702 — 432 < 0.

Let Y =C[0,1], Yy ={u e Y :u(t) >0,t € [0,1]}. It is well known that YV is a
Banach space equipped with the norm ||ullo = supg<;<; |u(t)], u € Y. Set X = {u €
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C40,1] : u(0) = u(1) = v (0) = u" (1) = 0}, then X also is a Banach space equipped
with the norm ||ul|x = max{||u(t)|o, || ()||o, ||« (t)]|o}. If uw € C40,1] N C%(0,1)
fulfils BVP (1.1), then we call u is a solution of BVP (1.1). If u is a solution of BVP

(1.1), and u(t) > 0,t € (0,1), then we say u is a positive solution of BVP (1.1).

2 Preliminaries

In this section, we will make some preliminaries which are needed to show our
main results.
Lemma 2.1. Let v € X, then [jullo < |lu”|lo < |u®]lo < |Ju|x.

Proof. The proof is similar to the Lemma 1 in [8], so we omit it. [J

Lemma 2.2. [5] Let A;, Ao, and A3 be the roots of the polynomial P(\) = A\* +
YA? — BX\ + a. Suppose that condition (Hs) holds, then A;, Ao, and A3 are real and
greater than —72.

Note : Based on Lemma 2.3, it is easy to learn that when the three parameters
satisfy the condition of (Hs), they satisfy the condition of non-resonance.

Let Gy(t, s)(i = 1,2,3) be the Green’s function of the linear BVP

—u" (1) + Nu(t) =0, u(0) =u(l) =0,

Lemma 2.3. [10] G;(t,s)(i = 1,2, 3) has the following properties

5



(cl) Gi(t,s) > 0,Vt,s € (0,1).
(c2) Gy(t,s) < C;Gi(s,s),Vt,s € [0, 1], in which C; > 0 is constant.

(c3) Gi(t,s) > 6;G;(t,t)G,(s, s),Vt,s € [0,1], in which ¢; > 0 is constant.

We set
M; = max Gi(s, s), m; = Jin, Gi(s,8), i=1,2,3. (2.1)
! i
v = /G"(é’ 0)G;(9,0)dd, cij = /Gi(é, 0)G;(8,0)ds, i,j=1,2,3. (2.2)
0 1

1

D; = max /G,-(t, s)ds, d; = max
0<t<1 <t<
0

Gi(t,s)ds i=1,2,3, (2.3)

IS

]
=
ST

then starting from Lemma 2.3 we know M;, m;, C;; > 0.

For any h € Y, take into consideration of linear BVP:

_u(6) — 7u(4) —|— /Bu” — u = h(t)7 t < [0, ].]7
(2.4)

where a, 3,y satisfy assumption (Hj). Since

. d2 d2 d2
—u®) — 7u<4) + pfu —oau = (—@ + )xl) (—@ + )\2) (—@ + )\3> U7(2-5)

then for any h € Y, the LBVP(2.4) has a unique solution u, which we denoted by

Ah = u. The operator A can be expressed by
11 1
u(t) = (Ah)(t) := ///Gl(t,é)Gg(é, 7)G3(1, s)h(t)dsdTdd. (2.6)
00 0
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Lemma 2.4. The linear operator A : Y — X is completely continuous and ||A|| <
w, where @ = |Ag+A3|(C1C2C3 My Mo Ms| A3|+C1Co My M) +| Ao A3 |(C1CoCs My Moy M3+
C1My).

Proof. It is easy to show that the operator A : Y — X is linear operator. Vh € Y,
u = Ah € X, u(0) = u(1) = u"(0) = v (1) = u™(0) = u™(1) = 0. Let v =

(< 32) (=43 o, hat i
d2 d2 "
v = (—@ + )\2) (—@ + >\3> w=u" — (A2 + Ag)u” + AaAsu, (2.7)
by (2.5) and (2.7), we have

—v" 4+ M\ = h(t), tec(0,1),

and v(t) = fol Gi(t,s)h(s)ds, t € [0,1], so
1
— (Ao + A)u” 4 Apdsu = /G1 (t,s) t €[0,1]. (2.8)
0
By (2.6), for any ¢ € [0, 1], we have
1
u(t)| < ///Gl(t,cS)Gz(é, T)G3(T, 8)|h(t)|dsdrdd < CyCoC5 My My Msl|hllo.(2.9)

00 0
Again, let w = —u" 4+ Azu, then w(0) = w(1) = W' (0) = w"(1) = 0, by (2.5), we have

w® — (N 4+ X)) + Mdow = h(t), te(0,1),

(2.10)
w(0) =w(l) =w"(0) =w"(1) = 0.
Then w(t fo fo G1(t, 7)Ga(T, s)h(s)dsdr, t € [0, 1], that is
—u 4 Agu = //Gl(t,T)GQ(T,S)h(S)deT, t €[0,1]. (2.11)



So

| < CLCy M, My (1 4 | X3|CsM3)||hllo, ¢ € ]0,1].

Based on (2.8), (2.9), and (2.12), we have

1
(1)) < |/\2+A3||U"(t)|+\>\2>\3Hu(t)!+/G1(t78)|h(3)|d8
0
< |)\2 + >\3|(010203M1M2M3|>\3| + CngM1M2)||h||o
+ Ao A3 |(C1CoCs My Mo Ms||hlo + Ci M) || Rfo

< wlhllo, te€]0,1],
where

w = ’)\2 —+ /\3|(010203M1M2M3|>\3| + ClcQMlMQ)

+|)\2)\3’(010203M1M2M3 -+ ClMl).
So, [[u? (#)[| < @||h]lo, by Lemma2.1, [|ullx < w||hllo, then

[AR]x < @[|Alfo,

so A is continuous, and [|A| < w.

Next, we will show that A is compact with respect to the norm ||

(2.12)

(2.13)

(2.14)

(2.15)

. ”X on X.

Suppose {h,}(n = 1,2,...) an arbitrary bounded sequence in Y, then there

exists Ky > 0 such that ||h,llo < Ko,n =1,2,.... Let u, = Ah,,1,2,.... By (2.8),

Vi1, ta € 10,1], t1 < ta, we have

\U§L4)(t2) - Ug)(tl)\



1

< P+ Al (f2) — wn (8] + Pods[un (t2) — wn(t1)] + / G1(tz, 5) — Gi(ty, )| |hn(s)|ds.
0
1 1
< [Ae+ Ag (Asun(tz) — un(t1)] +//|G1(t277) — Gi(ty, 7)[|Ga(T, S)hn(s)deT>
0 O
1
+|)\2/\3||Un(t2) — un(t1)| + / |G1(t2,8) - Gl(t1,5>|’hn<8)|d8.
< (24 2s)) ///|G1 by, 8) — G (t1, 0)||Gal6,7)||G(7. )| | () |dsdrds.
0
1 1
IPW //\G1 2, 7) — G (t1, )]G (7, 5) [ n(s)|dsdr
0 0
—I—/|G1(t2,s) — G1(t1, 8)||hn(s)|ds.
0
< ()\§+2|>\2)\3|)///]G1(t2,6)—Gl(t1,6)|G2(5,7)G3(T,s)dsded

1 1 1
+’)\2+)\3|//‘G1(t2,7) —Gl(tl,T)GQ(T, S)deT—{—/|G1(t2,S) Gl(tl,S)dS> K
0 0 0

Because G;(t, s)(i = 1,2, 3) is uniform continuity on [0, 1] x [0, 1], based on the above

[ee]
demonstration, it is easy to proof that {ug)} is equicontinuous on [0, 1]. From

n=1
(2.15), we know [lullo, [u”[lo, [0 < [lullx < @llhnllo < @Ko, s0 {ua(t)}, {u, ()}
and {ug) (t)} are relatively compact in R. Based on Lemma 1.2.7 in [11], we know

{u,}°°, is the relatively compact in X, so A is compact operator. [



The main tools of this article are the following well-known fixed point index
theorems.

Let E be a Banach Space and K C E be a closed convex cone in E. Assume
that Q is a bounded open subset of E with boundary 99, and K N Q # (. Let
A: KNQ — K be a completely continuous mapping. If Au # u for every u €
K N 0N, then the fixed point index i(A, K N, K) is well defined. We have that if
(A, KNQ,K) # 0, then A has a fixed point in K N €.

Let K, = {u € K|||u|| < r} and 0K, = {u € K]|||u|| = r} for every r > 0.

Lemma 2.5. [12] Let A: K — K be a completely continuous mapping. If pAu # u

for every u € 0K, and 0 < p < 1, then i(A, K, K) = 1.

Lemma 2.6. [12] Let A : K — K be a completely continuous mapping. Suppose
that the following two conditions are satisfied:

(i) infyeox, || Aul| > 0,

(ii) pAu # u for every u € 0K, and pu > 1,

then i(A, K, K) = 0.

Lemma 2.7. [12] Let X be a Banach space, and let X C X be a cone in X. For
p > 0, define K, = {u € K|||u|]| < p}. Assume that A : K, — K is a completely
continuous mapping such that Au # u for every u € 0K, = {u € Kl|||u|| = p}.
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(i) If ||u|]| < ||Aul|, for every u € 0K, then i(A, K,, K) = 0.

(i) If ||u|| > ||Au]|, for every u € 0K, then i(A, K,, K) = 1.

3 Main results

We bring in following notations in this section:

£, = Jim inf min (/6 0)/u), Foo = Jim_sup max (£(t,0)/u),

fo= Jim sup max (f(¢,w)/w), f, = lim_inf min (f(t,u)/u).
a(t) = A(t) —a, b(t) =B(t) = f, ct)=C(t) -7,
[=a0 -1 — 7% —a, K =maxo< [a(t) + b(t) + c(t)],

Suppose that:

(H3) L =wK <1, where w is defined as in (2.14).

Theorem 3.1. Assume that (H;)—(Hs) hold, and b(t) > (Aa + A3)c(t), A3b(t) —
a(t) < A3c(t), then in each of the following cases:

(i) f,>T, fo<(@—=L), (i) fo<(1-LT, f_>T,
the BVP (1.1) has at least one positive solution.

Proof. Vh € Y, consider the LBVP



It is easy to prove (3.1) is equivalent to the following BVP

—u® — Ay 4 Bu” — o = Gu + h(t),
0<t<1 (3.2)

where Guv := (C(t) — v)v™® — (B(t) — B)v" + (A(t) — a)v, Yv € X. Obviously, the
operator G : X — Y is linear, and Vv € X, t € [0,1], we have |Gv(t)| < K||v] x.
Hence ||Gv||o < K||v||x, and so ||G|| < K. On the other hand, u € C*[0, 1]NC%(0, 1),

t €[0,1] is a solution of (3.2) iff u € X satisfies u = A(Gu + h), i.e.,

ue X, (I—AG)u=Ah. (3.3)

Owing to G : X — Y and A : Y — X, the operator I — AG maps X into Y.
From A < w (by Lemma 2.4) together with ||G|| < K and condition (Hj), applying
operator spectral theorem, we have that the operator (I — AG)™! exists and is
bounded. Let H = (I — AG)'A, then (3.3) is equivalent to u = Hh. By the

Neumann expansion formula, H can be expressed by

H=(I+AG+ -+ (AGQ)"+-- )A=A+ (AG)A+ -+ (AG)"A + - .. .(34)

The complete continuity of A with the continuity of (I — AG)™! yields that the
operator H : Y — X is completely continuous. If we restrict H : Y, — Y, Vh e Y,
and mark u = Ah, then u € X NY,. Based on equation (2.8), (2.11) and Lemma

12



2.4, we have

= //GltTGQTS h(s)dsdT < Asu, t € [0,1],
00 )

= (Ao + A3)u” — Aodsu + /Gl(t, S)h(s)ds > (Ag 4+ As)u’ — Nodsu, ¢ € [0,1],
0

by b(t) > (Mg + A3)c(t) and A3b(t) — a(t) < N3c(t), we have

(Gu)(t) = e(tyu™ —b(t)u +a(t)u
> e+ Ag)e(t) = b()]u" — [Aadse(t) — a(t)]u
> A3[(A2 + Ag)e(t) — b(t)]u — [MoAsc(t) — a(t)]u
> [Ac(t) — Asb(t) + a(t)]u >0, ¢e0,1].

Hence

VheY,, (GAR)t)>0, Vtel0,1], (3.5)

and so (AG)(Ah)(t) = A(GAh)(t) > 0, Vt € [0,1]. Suppose that Yh € Y.,
(AG)*(AR)(t) > 0, Vt € [0,1]. For any h € Y., let hy = GAh, by (3.5) we

have h; € Y., and so

(AG)F 1 (AR)(t) = (AG)F(AGAR)(t) = (AG)*(Ahy)(t) > 0, Vt e [0,1].

Thus by induction it follows that Vn > 1, Vh € Y, (AG)"(Ah)(t) > 0, Vt € [0, 1].

By (3.4), we have

Vhe Yy, (Hh)(t) = (Ah)(t)+ (AG)(AR)(t) +---+ (AG)"(AR)(t) +

13



> (Ah)(t), Vtelo,1]. (3.6)

SOH:Y+—>Y+QX.

On the other hand, we have

VheYi, (HR)(t) < (AR)(t)+ [(AG)|(AR)(t) + - - + [(AG)" | (AR)(t) + -
< (4Lt LM+ )(AR)(H)
1

< AR, Vi1 (3.7)

So the following inequalities hold

1
1Rl < 37— l[Ahllo, vt €[0,1]. (3.8)

For any u € Y., define F'u = f(t,u). Based on condition (H;), it is easy to show F :
Y, — Y, is continuous. By (3.1)—(3.3), It is easy to see that u € C*[0,1] N C®(0, 1)
is a positive solution of BVP (1.1) iff u € Y, is a nonzero solution of an operator

equation as follows

u= HFu. (3.9)

Let Q = HF. Obviously, ) : Y, — Y, is completely continuous. We next show
that the operator () has at least one nonzero fixed point in Y.

Let

P={ue Y ut) > ollully, Ve 1]}
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In which

810205C12Chs
_ 01020312023 0 , 3.10
? 010203M1M2( )Gt 1) (3.10)

Here M; and M, can be defined as that in (2.1), C} and Cy3 can be defined as that
n (2.2), C;,0;(i = 1,2,3) can be defined as that in Lemma 2.3. It is easy to prove
that P is a cone in Y. We will prove QP C P next.

For any u € P, let h = Fu, then h € Y,. By (3.6) and Lemma 2.3, we have

(Qu)(t) = (HFu)(t) > (AFu)(t), vt € [0,1]}.

By Lemma 2.3, for all u € P, we have

(AFu)(t) = / / / G (t,8)Ga(8, 7)Ga(r, 8) (Fu)(s)dsdrdd

< C’ngCngMg/Gg(s,s)(Fu)(s)ds.
0
And accordingly we have ||AFullg < C1CoC3 My My fol G3(s, s)(Fu)(s)ds, that is

1

| AFullo

/Gg(s,s)(Fu)(s)ds > C. OO L, (3.11)

By using (¢3) in Lemma 2.3, (3.8) and (3.11), we have
1
(AFU)('[Z) Z 515263012023G1(t,t)/Gg(S,S)(FU)(S)dS

0
010203C19C93G1 (1, 1)

AF
> —coana,  AFu
51 5263012 C23G1 (t7 t)
1 - D HF
> SO Lyl
515263012023G1(t7 t)
1-1 .
> WA LD iqul,
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0 (Qu)(t) > 222G (1 — 1) Qully = o||Quo. Thus QP € P.

Let
_ 51(52530120237711(1 — L) (312)
C1CC3 My My ’
in which m; can be defined as that in (2.1). It’s easy to prove
13

Case (i), since f > T', there exist € > 0 and ro > 0 such that f(¢,z) > (I' +¢)z,
0<t<10<x<ry Letre(0r) and Q. = {u € P||ullo < r}, then for
every u € 0f),, we have |jullp = r, 0 < u(t) < r, t € (0,1), and so f(t,u(t)) >

(I'+e)u(t), t € (0,1). By (3.13), it follows that

Fltu(t) > T+ )ult) > (T +e)pr, Vi€ E ﬂ | (3.14)

From (3.6) and (3.14), we have

o+ )3 )

/1/1G1( >G2 (0, 7)G3(7, 5) f (s, u(s))dsdrdd

Il
o S —

v

1
G1 (57 5) Gy(8,7)Gs(r, 8) (T + ¢)prdsdrds

/i

010203m1C12Co3(I 4 €) prr

M»—‘\
N»—‘\

v

Gs(s, s)ds.

=
IS

v

1
5515253m1m36'12023(r + €)p7” > 0.
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Therefore, inf,coq, [|Qullo > 0. Now we shall prove Vu € 99Q,, u > 1, uQu # u.
In fact, suppose the contrary, then there exist ug € 9€2,, and pg > 1 such that
oQuo = wuy. By (3.6), we have ug(t) > Hiouo(t) = Quo(t) > (AFup)(t). Let

wo = AFug, then ug > wy and wy(t) satisfies BVP (2.4) with h = Fuy. Hence

(6) wa(() + ﬁw() — QW = f(t7 Uo), te (07 1)7
(3.15)

wo(0) = wo(1) = wy (0) = wy (1) = wi” (0) = wi? (1) = 0,

After multiplying the two sides of the first equation in (3.15) by sin 7t and integrating

on [0, 1], we have
1 1
F/wo(t) sin rtdt = /f(t,uo(t)) sin wrtdt,
0 0

then
1

(C'+e) [ uo(t)sinmtdt < /f(t uo(t)) sin wtdt

o\

1

= / )sinwtdt < F/uo(t) sin wtdt. (3.16)
0 0
1
1’

Since ug(t) > plluollo = pr, Vt € [1,2], so fo up(t) sinmtdt > 0 and we see that
I' + e < I', which is a contradiction. Then based on Lemma 2.6, we come to
i(Q,Q.,P)=0. (3.17)
On the other hand, since f._ < (1 — L)T, there exist ¢ € (0,(1 — L)I') and
Ry > 0 such that f(t,z) < [(1 = L)T —¢]z, 0 <t <1, 2 > Ry. Let Mp, =
SUPg<t<1.0<x< Ry f(t,x). Then
ft,z) < [1— L)L —¢elz+ Mg, 0<t<1, z>0.
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We choose R > maX{Ro,r, ﬁ;\f’%} and let Qg = {u € P|||ullo < R}. Next we

prove Yu € 0Qg, 1 > 1, pu # Qu. Assume on the contrary that Jug > 1, ug € 0Qg,
such that poug = Quo. Let wy = AFug, by (3.6), we have uy < poug = Quo <

7 AFuy < 7w and wi (t) satisfies BVP (2.4) with & = Fug. Similarly to (3.16),

1
1-L
we can prove
1 1 1
(1 —L)I‘/uo(t) sinmtdt < F/wl(t) sin wtdt = /f(t,uo(t))sinﬂtdt
0 0

0
1

1
< [1=L) —¢] /uo(t) sin wtdt + Mg, /sin wtdt,
0

0 (3.18)

and so

1 1
Mg, /sin wtdt > 5/u0(t) sintdt > € | up(t) sinwtdt
0 0

FNT
NS

1

> p5||u0||0/sin7rtdt, (3.19)
0

VoM Ry

Thus, by (3.19), we have R = ||ugllo < =

which is contradictory with R >

\/iMRO

P Then by Lemma 2.5 we know

i(Q,Qg, P) = 1. (3.20)

Now, by the additivity of fixed point index, combine (3.17) and (3.20) to conclude

that

((Q, Qr \ Q, P) = i(Q, Qr, P) — i(Q, 2, P) = 1.
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Therefore @ has a fixed point in Qz\ Q,, which is the positive solution of BVP (1.1).
Case (ii), since f, < (1— L), based on the definition of f,, we may choose € > 0

and w > 0, so that
flt,bu) <[A—-L)F—¢lu, 0<t<1, 0<u<w. (3.21)

Let r € (0,w), we now prove that uQu # u for every u € 99,, and 0 < g < 1. In
fact, suppose the contrary, then there exist ug € 9€),., and 0 < py < 1 such that
toQuo = ug. Let wy = AFug, by (3.6), we have ug = poQuy < ﬁAFuO < ﬁwg

and ws(t) satisfies BVP (2.4) with h = Fuy. Similarly to (3.18), we have

1 1 1
(1- )T / (D) sinmtdt < T / (1) sin whdt — / F(t,uo(t)) sin it
0 0 0

< [A=L)T —¢] /uo(t) sin 7tdt. (3.22)

0

Since fol uo(t) sintdt > 0, We see that (1 — L)I' < (1 — L)I" — €, which is a contra-

diction. By Lemma 2.5, we have
i(Q,Q,, P)=1. (3.23)
On the other hand, because ioo > T, there exist ¢ € (0,T") and H > 0 such that
f(t,z) > (T +e)z, te€[0,1], x> H. (3.24)

ft,z) > (T +e)x—C, tel0,1], x>0. (3.25)
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Choose R > Ry = max {H/p,w}, Yu € 9Qg. By (3.13) and (3.25), we have

1 3
u(s) = pllullo > H, Vs e {z’ ;J |

And so

[(s,u(s)) = (T +)u(s) = (T +e)pllulo, Vs € H g} (3.26)

From (3.6) and (3.26), we get

(1) = rra(2) = ar (1)

_ / / / Gl(%,5)(}2(5,7)(}3(7,s)f(s,u(s))dschdé

3 3

4 4 4 1
///Gl(5,(5)G2(5,7’)G3(T,8)(F+€)pHuH0d8de(5

615253m1012023(F—l—a)pHuHo/Gg(s,s)dS.

1Qullo

v

v

w

v

4

v

1
5515253m1m3012023(F +¢e)pllullo > 0,

from which we see that inf,csq, [|Qullo > 0, namely the hypotheses (i) of Lemma
2.6 holds. Next, we show that if R is large enough, then pQu # u for any u € 0Qg
and ¢ > 1. In fact, suppose the contrary, then there exist ug € 9Qg and pg > 1
such that poQuo = uo, then by (3.6), AFuy < Quo < up = poQuo < % AFug. Let
wo = AFug, then wy < uy < #%wp, and wy satisfies BVP (2.4), in which h = Fuy,
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consequently,

(6) - ’yw(() + Bwy — awy = f(t,u), t€0,1],

(3.27)
wo(0) = wo(1) = wg (0) = wy (1) = wp” (0) = w”(1) =0,
After multiplying the two sides of the first equation in (3.27) by sin 7t and integrating

on [0, 1], we have

1 1 1
2C
F/wo(t) sinwtdt = /f (t,up(t)) sinmtdt > (I' + ¢) /uo t)sinwtdt — —
s
0 0 0
1 C
2
> (I'+e¢) /wo(t) sin wtdt — —
T
0
Consequently, we obtain that
1 C
2
/wo(t) sin wtdt < —. (3.28)
e
0
It’s easy to prove that wy(t), the solution of LBVF (3.27) satisfies
010203C12C03
t) > ————————— G (t,t
wo(t) = C,CoCs M, M, 1(t, 1) [[wollo,
and accordingly,
/ 518205C15Cs o lo |
) si tdt>1231223w00/Gtt' tdt 3.29
/wo( ) sin wtdt > CiOSCa M, 1(t,t) sin wtdt, (3.29)
0 0
by (3.28), we get
-1
2CC1CyC3 M M, / —
< (t,t) tdt =R 3.30
lwollo < 510903 CraCogric )sinm , ( )
0
Consequently, [ugllo < £ [|wollo < —Lﬁ
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We choose R > max {l‘i—OLF, Ro}, then to any u € 0€Q2g, u > 1, there is always

pQu # u. Hence, hypothesis (ii) of Lemma 2.6 also holds. By Lemma 2.6, we have
i(Q,Qp, P) = 0. (3.31)

Now, by the additivity of fixed point index, combine (3.23) and (3.31) to conclude

that
i(Q,Qr\ Q, P) =i(Q,0g, P) —i(Q,Q,, P) = —1.

Therefore, Q has a fixed poind in Qg \ ,, which is the positive solution of BVP

(1.1). The proof is completed. O

From Theorem 3.1, we immediately obtain the following.

Corollary 3.1. Assume (H;)—(Hs) hold, then in each of the following cases:

(i)iOZOO, foo:07 (H)TO:(L f = 0o,

—00

the BVP (1.1) has at least one positive solution.

4 Multiple solutions

Next, we study the multiplicity of positive solutions of BVP (1.1) and assume
in this section that

(Hy) thereis a p > 0 such that 0 < u <pand 0 <t <1imply f(t,u) < np,
where 7 = (M G (s, s)ds) -

1-L
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(Hs) thereis a p > 0 such that op <u < pand 0 <t < 1imply f(t,u) > Ap,

where A™! = §10205m1C12Chs f;% G3(s, s)ds. Here, o can be defined as (3.10).
4

Theorem 4.1. Assume (H;)—(Hy) hold. If f > T and f > I', then BVP

(1.1) has at least two positive solution u; and ug such that 0 < [Jui|lo < p < ||uzlo-

Proof. According to the proof of Theorem 3.1, there exists 0 < rq < p < Ry < 400,

such that 0 < r < rg implies (@, §2,., P) = 0 and R > R, implies i(Q, Qg,

P)=0.

Next we prove i(Q),$2,, P) = 1 if (H,) is satisfied. In fact, for every u € 0,

based on the preceding definition of ) we come to

(@Qu)() = <HFu><t>sﬁ||AFuno

b ax ///G1 (,6)Ga(0,7)Cs (7, 5) (Fu) () dsdrdd

1—L0<t<1
0 0 0

1
< SABOTER [6y(e.) (s el

0

Consequently,
MM
jQuj, < SEAIE / u(s))ds
0
C1CyC3 M M. h
< SEOTER [ Gyfs.syapds = p = [ullo

0

Therefore, by (ii) of Lemma 2.7 we have

i(Q,Q,, P)=1
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Combined with (3.17), (3.31), and (4.1), we have

Z'(QagR\ﬁmP) = Z(Qngap) —Z(Q,QP,P) =—1L

i(Q,\ ., P) =i(Q,Q,, P) —i(Q,,, P) = 1.

Therefore, @ has fixed points u; and uy in Q, \ Q, and Qg \ Q,, respectively, which
means that uy (t) and us(t) are positive solutions of BVP (1.1) and 0 < [juy]jo < p <

||uz|lo- The proof is completed. O

Theorem 4.2. Assume (H,)—(Hs) and (Hs) can be established, and f, < (1 —
L)T and f < (1 — L)T, then BVP (1.1) has at least two positive solution u; and
ug such that 0 < ||uq]jo < p < [Juzllo-

Proof. According to the proof of Theorem 3.1, there exists 0 < w < p < Ry < 400,
such that 0 < r < w implies (@, €2, P) = 1 and R > Ry implies i(Q, Qg, P) = 1.

We now prove that i(Q, 2, P) = 0 if (H5) is satisfied. In fact, for every u € 0€2,,

by (3.13) we come to pp < pllullo < u(t) < ||ullo = p, t € [1/4,3/4], accordingly, by

(Hs), we have

1
flt,u) > Ap, te[z,ﬂ, Vu € 09,.

from the proof of (ii) of Theorem 3.1, we have

= 03) o () ()
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_ /1 /1 /1 Gl(%,é (6, 7) G (7, 5) (5. u(s) )dsdrds

//Gl (%75) G2(0, 7)G3(T, s)\pdsdTdo

Y
NH\MW

e

> 5152537711012023/G3<3>5))\pd3 =p = [Julfo.

1
1

Therefore, [|Qullo > Qu(3) > [lullo, according to (i) of Lemma 2.7, we come to
i(Q,Q,, P) =0. (4.2)
Combined with (3.20), (3.23), and (4.2), there exist

i(QﬂgR\ﬁp’P) =i(Q, g, P) —i(Q,Qp,P) =1

i(QvQP\ﬁmp) = Z(Qleﬂp) - Z(Q,QT,P) =-L

Therefore, ) has fixed points u; and us in €2, \ Q, and Qg \ ﬁp, respectively, which
means that u; (t) and us(t) are positive solutions of BVP (1.1) and 0 < [juy]jo < p <

||ug||o- The proof is completed. O

Theorem 4.3. Assume that (H;)—(H;) hold. If f > T' and foo < (1= L)T,
and there exists po > p; > 0 that satisfies
(i) f(t,u) <mppif 0 <t <1land 0 <u<py,
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(i) f(t,u) > App if 0 <t < 1 and opy < u < po,
where 1, o, A\ are just as the above, then BVP (1.1) has at least three positive
solutions wuy, ug, and us such that 0 < ||ui|lo < p1 < ||uzllo < p2 < ||usllo-
Proof. According to the proof of Theorem 3.1, there exists 0 < 1o < p1 < p2 <
R; < +o00, such that 0 < r < 7o implies (@, 2, P) = 0 and R > Rz implies
i(Q, Qp, P) = 1.

From the proof of Theorems 4.1 and 4.2, we have i(Q, ,,, P) = 1, i(Q, ,,, P) =

0. Combining the four afore-mentioned equations, we have

i(Q, 01\ Qp,, P) =i(Q, 0, P) —i(Q,,, P) = 1.

i(Q7Qp2 \QPUP) = i<Q79p27P> —i(Q,Qm,P) =—1

i(Q, 2, \ 2., P) =i(Q,Q,,, P) —i(Q,Q,, P) = 1.

Therefore, @ has fixed points uy, uy and uz in Qp \ Q,,, Q,, \ Q,, and Q,, \ Q,,
respectively, which means that u;(t), us(t) and us(t) are positive solutions of BVP

(1.1) and 0 < ||u1llo < p1 < JJuzllo < p2 < ||us|lo. The proof is completed. [J
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