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Abstract

In this article, we investigate existence and unigueness of positive solutions to
coupled systems of multi-point boundary value problems for fractional order
differential equations of the form

0=¢x@)y0), tel=[01],

“X( .
O =¥ x®.y0), tel=[0,1],

DPy
x@)=g),  x()=68x(m), 0<n<1,
Q) =hy),  yM=yyé), 0<&<1,

where o, B € (1,2], D denotes the Caputo fractional derivative, 0 < 8,y < 1 are
parameters such that §n% < 1, y";'ﬂ <1,h,g € C(/,R) are boundary functions and

¢, ¥ 1 x R x R— R are continuous. We use the technique of topological degree
theory to obtain sufficient conditions for existence and uniqueness of positive
solutions to the system. Finally, we provide an example to illustrate our main results.
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1 Introduction

Recently much attention has been paid to investigate sufficient conditions for existence
of positive solutions to boundary value problems for fractional order differential equa-
tions, we refer to [1-13] and the references therein. This is because of many applications
of fractional differential equations in various field of science and technology as in [14—20].
Existence of solutions to boundary value problems for coupled systems of fractional order
differential equations has also attracted some attentions, we refer to [13, 20—24]. In these
papers, classical fixed point theorems such as Banach contraction principle and Schauder
fixed point theorem are used for existence of solutions. The use of these results require
stronger conditions on the nonlinear functions involved which restricts the applicability
to limited classes of problems and very specialized systems of boundary value problems.
In order to enlarge the class of boundary value problems and to impose less restricted
conditions, one needs to search for other sophisticated tools of functional analysis. One
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such tool is topological degree theory. Few results can be found in the literature which
use degree theory arguments for the existence of solutions to boundary value problems
(BVPs) [25-32]. However, to the best of our knowledge, the existence and uniqueness of
solutions to coupled systems of multi-point boundary value problems for fractional order
differential equations with topological degree theory approach have not been studied pre-
viously. Wang et al. 28] studied the existence and uniqueness of solutions via topological
degree method to a class of nonlocal Cauchy problems of the form

Du(t) =f(t,ut), tel=[0,T],

u(0) +g(u) = uo,
where D7 is the Caputo fractional derivative of order g € (0,1], up € R,andf : I xR — Riis
continuous. The result was extended to the case of a boundary value problem by Chen et
al. [26] who studied sufficient conditions for existence results for the following two point
boundary value problem:

D, ¢p(Df, u(t)) = (&, u(®), Df, u(®)),

D5 u(0) = D5, u(1) = 0,
where D, and Dg , are Caputo fractional derivatives, 0 <o, <1, 1< + B < 2. Wang et

al. [27] studied the following two point boundary value problem for fractional differential

equations with different boundary conditions:

DS, ¢p(Dj, u(t)) = (&, u(t), Dy, u(t)),
w(0)=0,  Df u(0)=Df u),

where D, and Dg . are Caputo fractional derivatives, 0 <, <1,1<a + B <2.
Motivated by the work cited above, in this paper, we use a coincidence degree theory ap-

proach for condensing maps to obtain sufficient conditions for the existence and unique-

ness of solutions to more general coupled systems of nonlinear multi-point boundary

value problems. The boundary conditions are also nonlinear. The system is of the form

Dx(t) = ¢(t,x(2),y(2)), tel=[0,1],
DPy(t) = v (t,x(0),5(t), tel=10,1],
x(0) = g(x), x(1) =éx(n), O0<n<l,
y0)=h(),  y1)=yyE), 0<&<],

@

where «, B € (1,2], D is used for standard Caputo fractional derivative and 0 < §, y < 1such
that §n* <1, y&# <1, h,g € C(I,R) are boundary functions and ¢, : I x R x R — R are

continuous.

2 Preliminaries

In this section we give some fundamental definitions and results from fractional calculus
and topological degree theory. For further detailed study, we refer to [19, 24, 26, 27, 33,
34].
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Definition 2.1 The fractional integral of order p € R, of a function u € L!([a,b],R) is
defined as

10, u(t) = %,0) ft(t—s)p_lu(s) ds.

Definition 2.2 The Caputo fractional order derivative of a function u on the interval [a, b]
is defined by

Db ) = 1 / (e sy ) ds,

where m = [p] + 1 and [p] represents the integer part of p.

Lemma 2.1 The following result holds for fractional differential equations:
I°DPu(t) = u(t) + do + dit + dot® + -+ - + dyyq 8"
for arbitraryd; e R,i=0,1,2,...,m—1.

The spaces X = C([0,1],R), Y = C([0,1],R) of all continuous functions from [0,1] —
R are Banach spaces under the topological norms |x|| = sup{|x(¢)| : £ € [0,1]} and |y| =
sup{|y(¢)| : t € [0,1]}, respectively. The product space X x Y is a Banach space under the
norm ||(x,%)| = ||x]| + ||v|l. It is also a Banach space under the norm |(x, y)| = max{||x||, ||¥]|}-

Let S be a family of all bounded sets of (X x Y), where X x Y is a Banach space. Then
we recall the following notions [35].

Definition 2.3 The Kuratowski measure of non-compactness p : S — R, is defined as
u(S) =inf{d > 0 : S admits a finite cover by sets of diameter < d},
where S € S.
Proposition 2.1 The Kuratowski measure u satisfies the following properties:
(i) wu(S) =0 ifS is relatively compact.

(ii) w is a seminorm, i.e., W(AS) = A u(S), A € R and (S; + S3) < 1(S1) + w(Ss).

(iii) S C Sy implies 1(S1) < 1(S2); 1(S1 U Sy) = max{u(S1), n(S2)}.

(iv) p(convS) = u(S).

V) 1(8) = ().

Definition 2.4 Let F : 2 — X be continuous bounded map, where Q2 C X. Then F is
w-Lipschitz if there exists K > 0 such that

w(F(S)) <Ku(S), VS C Qbounded.

Further, F will be strict p-contraction if K < 1.



Shah et al. Boundary Value Problems (2016) 2016:43 Page 4 of 12

Definition 2.5 A function F is u-condensing if
w(F(S)) < u(S), VS C Q bounded, with (S) > 0.

In other words, w(F(S)) > u(S) implies u(S) = 0.

Here, we denote the class of all strict p-contractions F : 2 — X by 9 C,,(2) and denote
the class of all u-condensing maps F : 2 — X by C,,(2).

Remark 1 9 C,(2) C C,(R2) and every F € C,(2) is ju-Lipschitz with constant K = 1.

Moreover, we recall that F: Q — X is Lipschitz if there exists K > 0 such that
|E@®) -Fo)| <Klx-yl, VxyeQ,
and that if K <1, then F is a strict contraction. For the following results, we refer to [34].

Proposition 2.2 If F,G: Q2 — X are pu-Lipschitz with constants K and K', respectively,
then F + G : Q2 — X is u-Lipschitz with constant K + K'.

Proposition 2.3 IfF: Q — X is compact, then F is ju-Lipschitz with constant K = 0.

Proposition 2.4 IfF: Q2 — X is Lipschitz with constant K, then F is ju-Lipschitz with the
same constant K.

The following theorem due to Isaia [34] plays an important role for our main result.
Theorem 2.1 Let F: X — X be p-condensing and
W = {x € X:3x €[0,1] such that x = AFx}.
If U is a bounded set in X, so there exists r > 0 such that V C S,(0), then the degree
D(I - AF,S5,(0),0) =1, Vre[0,1].
Consequently, F has at least one fixed point and the set of the fixed points of F lies in S,(0).

Now, we list the following hypotheses.

(C1) There exist constants Ky, Kj, € [0,1) such that

lg(x2) — g(01)| < Kl — 41,

|h(y2) = h(y1)| < Kily2 = 1| for 1, 22,51, 92, € R.
(Cy) There exist constants Cg, Cy, My, My, > 0 such that, for x,y € R,

lgx)| < Colal + Mg, |h()| < Culyl + M.
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(Cs) There exist constants c;, d; (i = 1,2) and My, My, such that, for x,y € R,

|¢(t,x;)’)| S Cl|x| + C2|y| +M¢;

|V (6,2,9)| < dalx| +dalyl + My
(C4) There exist constants Ly, Ly, such that, for x1,%2, 1,52 € R,

|p(£,%2,72) = d(t, %0, 01)| < Lo (|2 = m1] + [y2 = 311),

[ ¥ (t,22,2) = ¥ (& 21, 91)| < Ly (2 = 21] + [y2 = 1)

3 Main results

In this section, we discuss the existence and uniqueness of solutions to the BVP (1).
Lemma 3.1 Ifh:1 — Ris a times integrable function, then solutions of the BVP

D%x(t) = h(t), tel=10,1],

()
x(0)=g(x),  x(1)=6dx(n), O0<n<l,
are a solution of the following Fredholm integral equation:
(1= !
x()=(1- ( ) g(x) + f Gu(t,s)h(s)ds, te€][0,1], (3)
1- 87’] 0
where Gy (t, s) is defined by
(£—g) 4 B _ 9o g <p <<,
a-1
1| (-9 - 12, 0<n<s<t<l,
Golt9) = =1 ! @
(@) oy T ien O<t=<s=<n<l
_M 0 < <t<s< 1
T-sn ’ =n=t=s=L
Proof Applying I* on D*x(¢) = h(t) and using Lemma 2.1, we have
x(t) =Ih(t) + co + 1 (5)

for some ¢y, c; € R. The conditions x(0) = g(x) and x(1) = §x(n) imply ¢o = g(x) and ¢; =

ﬁ]"h(n) - f_‘(ﬁ}g(x) - ﬁ]"‘h(l). Hence, we obtain

. 5 1-5 1
0 = B0+ 909 ] 1O = {5 go) - 1 1h) | ©

which after rearranging can be written as

x(t) = (1 - tl(l__af]))g(x) + /: Gy (t,8)h(s) ds. 0
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In view of Lemma 3.1, solutions of the coupled systems of BVPs (1) are solutions of the
following coupled systems of Fredholm integral equations:

() = (1= T52D)g() + [y G, )t x(5), y(s)) ds, £ €[0,1],

. 7)
y(t) = (1= ED)h(y) + [y Gu(t, )Y (t,x(5),5()) ds, £ €[0,1],
where Gg(t,s) is defined by
(t—s)ft 4 LT T g < <r g <],
— —S p-1
Gars) - ] (t-s)pt - M 0<¢<s<t<l, ®
R R [ 0O<t<s<&<l,
=T 0O<g<t<s<l
Clearly
1-— a-1
max |Ga(t,s)| = i,
t€[0,1] 1-8n)T(a) 9
6o = =L et "
max S| =T/ N s 1.
selon! (1-y&)r(B)

Define the operators F; : X — X, F,: Y — Y by

1-6
F@(® - (1 S 577) )g(x»

_td-y)
1-y§

F20)(0) = (1 )h(y)

and the operators G;, Gy : X x ¥ — X x Y by

1

Gulx9)(t) = /0 Gult, ) (£,2(5),¥(5)) ds,
1

Gal)(0) = /0 G (t,5)0 (,4(5), 9(5)) ds.

Further, we define F = (F},F), G = (G1,G2) and T = F + G. Then the system of integral
equations (7) can be written as an operator equation of the form

(x,y) = T(x,9) = F(x,9) + G(x,), (10)
and solutions of the system (7) are fixed points of 7.

Lemma 3.2 Under the assumptions (Cy) and (C,), the operator F satisfies the Lipschitz
condition and the following growth condition:

”F(x,y)H < C”(x,y) ” +M forevery (x,y) e X x Y. (11)
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Proof Using the assumption (C;), we obtain

|F(x,9)(®) = F(u,v)(2))|
- (1- 552 ) e -+ (1= 2 ) 0 - o)

1-y§
< Kgllx = ull + Knlly = vl < K||(x,9) = (u,v)

, K =max{K,,Kj}. (12)

By Proposition 2.4, F is also p-Lipschitz with constant K. Now for the growth condition
using (C,), we get

|[F@| = [(Ee,E0)| = |E@] + [ F0)] < Cl@| +Mm
where C = max{Cg, Cy}, M = max{M,, M,}. O

Lemma 3.3 The operator G is continuous and under the assumption (Cs) satisfies the
growth condition

||G(x,y) H < AH (x,9) H +A forevery(x,y) eX x Y, (13)

where A = 6(c + d), 0 = max{ (=5 r@ |

T}, ¢ = max{cy, ¢y}, d = max{dy,dy}, A =
9(M¢ +M,/,)

Proof Let {(x,,y,)} be a sequence of a bounded set U, = {||(x,y)|| <r:(x,5) € X x Y} such
that (x,,y,) = (x,%) in U,. We need to prove that ||G(x,,y,) — G(x,y)|| = 0. Consider

|G, 92)(8) = G1(2,9) (D)

LT )
=T Uo (=5 (5,%4(6), (5)) = 6 (5,5(5), (5)) | s

L f = 95| (5,20, 9 (5)) = (s (5),¥(5)) | s
“on )y n »Xn\S)s Yn ’ )Y
1

+
1—87] 0

(1= 8)* 7 (5,%(8), 7u(5)) — B(8,%(5), ¥(5)) | ds].
From the continuity of ¢ and v, it follows that ¢ (s, x,,(s), y.(s)) = ¢(s,x(s), ¥(s)) as n — oo.
For each t € I, using (C3), we obtain (£ — )% (s, %5, 1) — (s, %,9)| < (£=5)*12((c1 + c2)r +
My), which implies the integrability for s, ¢ € I and by using the Lebesgue dominated con-
vergence theorem, we obtain fot(t—s)o“1 (s, %, ¥u) — P(5,%,¥)| ds — 0 as n — oo. Similarly,
the other terms approach 0 as n — oo. It follows that

|G y0) (@) = Gi(,))(®) | > 0 as n — oo,

and similarly we can show that

||G2(xn)_yn)(t) - Gz(x,y)(t) || — 0 asn— oo.
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Now for growth condition on G, using (C3) and (9), we obtain

1
|Gi(x,2)(®)| = Vo Ga(t,5)9(5,%(s), 5(s)) ds (cllxll + callyll + My)

1
< - @
T A-nT(e)

and

1
|Ga(x,9)(8)| = ’/O Gp(s, t)¥ (s, x(s), y(s)) ds dillx|l +dallyll + My ).

<
“(

S
1-y6)I(p)

Hence, it follows that

|6 = [Gixn)] + ]G]
< 0(allxl + callyll + M) + 6 (du %] + da 1yl + M)

<6c+ad)(lIlxll + Iyll) + 6My + My) = A 9] + A.
By this, we complete the proof. d

Lemma 3.4 The operator G:X X Y — X x Y is compact. Consequently, G is u-Lipschitz

with zero constant.

Proof Take a bounded set 5 C U, € X x Y and a sequence {(x,, )} in B, then using (13),

we have
||G(x,,,y,,)|| <Ar+A forevery(x,y)eX x Y,

which implies that G(3) is bounded. Now, for equi-continuity and for given € > 0, take

s [s 1(_ €T+ o 10  eT(Bel) N\
‘mm{ 1‘5(6([cl+c2]r+M¢)> ’ 2_5<6([d1+d2]r+M¢)) }

For each (x,,y,) € B, we claim that ift,7 € [0,1] and 0 < T — £ < §;, then

|G1(6n, 9n) () = Ga (s y) (1) < %

Now consider

|G yu) (&) — G130, ) (7))
= ‘ﬁ /Ot[(t —s)* (- s)""l]q)(s, x,,(s),yn(s)) ds

1 (T .
i | s s

5(t-r1) U wt
st J, 09 8 em9) s

(T _ t) ! a-1
+ m /0 1-5) ¢(S’ xn(s),yn(s)) ds
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(c1lxal + ca2lyul + My)

- Mo +1)

(c1+ c2)r + My
MNa+1)

[(t“ - r“) +2(t - t)"‘]
[(z% - %) +2(z - 0)*].

We continue the proof with several cases.
Casel.f1 <t<t<l:

M
’Gl(xn’yn)(t) - Gl(xn’y")(r)‘ < %
@rartMy,

)85 <
)8y < —.
Mo +1) 1=9

Case2.0<t<6,1T<26:
(c1+ c2)r + My [ t"’]
Mo +1)

(c1+c)r+ My €
— 7 3(28)% = —.
Mo +1) (28)

’Gl(xmyn)(t) - Gl(xn’yn)(f)| <

2 +a)8¢ Nt 1)

Page 9 of 12

Similarly for the second part, for each (x,,y,) € B, we claim that if £,7 € [0,1] and 0 <

T —t < &y, then |Ga(xy, y,)(£) — Ga(x, ¥4) ()| < 5. Then:
Casel.fy <t<t<l:
(dl +d2)V+M¢
G nr»)yn t _G n Jyn T ~/5 1y
|Ga (%, y) (&) = Ga (3, yu) (7)| < TGBD)
(dl +d2)l”+M1/,

p <
TG+ (2+,3)82<2.

Case2.0 <t<68, T <28,

(dl + dz)l" + Mljj 8
T(B+1) [32']

(di +do)r + My, p_€
T(B+1) 328)"= 5.

’GZ(xn;yn)(t) - GZ(xnryn)(f)| <

Hence, we have

| G yn) = Gltnr )| < €.

2+ B8 -1)

(14)

Thus G(B) is equi-continuous. In view of the Arzela-Ascoli theorem G(B) is compact.

Furthermore, by Proposition 2.3, G is u-Lipschitz with constant zero.

O

Theorem 3.1 Under the assumptions (C1)-(Cs), the system (1) has at least one solution
(x,9) € X x Y provided C + A < 1. Moreover, the set of solutions of (1) is bounded in X x Y.

Proof By Lemma 3.2, F is u-Lipschitz with constant K € [0,1) and by Lemma 3.4 G is
wu-Lipschitz with constant 0. It follows by Proposition 2.2 that 7 is a strict p-contraction

with constant K. Define

B= {(x,y) € X X Y : there exist A € [0,1] such that (x,y) = AT(x,y)}.
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We have to prove that B is bounded in X x Y. For this, choose (x,y) € B, then in view of
the growth conditions as in Lemmas 3.2 and 3.3, we have

@) = 1276 = 2| T | < 2([F@2)]| + | Gex])
< A[CH(x,y)H + M + A”(x,y)” + A]
=AMC+ A)||(x,y) || +AM + A),

which implies that B is bounded in X x Y. Therefore, by Theorem 2.1, T has at least one
fixed point and the set of fixed points is bounded in X x Y. O

Theorem 3.2 In addition to the assumption (Cy)-(Cy), assume that K + 0(Ly + Ly) < 1,
then the system (1) has a unique solution.

Proof We use the Banach contraction theorem, for (x, ), (u,v) € R x R, we have from (12)
|F(x,) = F(u,v)| < K| (x,5) = (,v)]. (15)

Using (C,4) and (9), we obtain

1
|Gi(x,9) — Gi(u,v)| < /0 |Ga(t,5)|| ¢ (s, %(5), ¥(5)) = D (5, u(5), ¥(s)) | el
<OLg(lx—ul+|y—v|),
which implies that

1G1(%,9) = Gi(w,v) | < OLg(Ilx = uell + ly = vI)
- 0Lty )|

= 0Ly (% y) - (w,v)|. (16)
Similarly, we have
|G2(x,9) = Gau,v) | < OLy ||(x,9) — (V)] 17)
From (16) and (17), it follows that

||G(x,y) - G(u, V)|| = || Gi(x,y) — Gi(n, v)|| + ||Gz(x,y) - Gy(u, v)||

<OLy +Ly)|xy) - (V)] (18)
Hence, in view of (15) and (18), we obtain

| T(x,9) = T(w,v)| < ||F(x,) - F(u,v) | + | G(x,5) - Gu,v) |

< (K+0Ly +Ly)) | &) - (wv)],

which implies that T is a contraction. By the Banach contraction principle, the system (1)
has a unique solution. O
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4 Example
Example 4.1 Consider the following multi-point BVP:

3

Dix(t) = s (1 + (O)] + y(®)), te[0,1],

§ _ L+|x(®)|+y ()|

D> ( )_ 50+\c+osxx( )J\rﬁl/siny(t)l’ te [0’1]’ (19)
2(0)=2,  x(1) = 1x(d),

2
y(0) =", y1)=Lyd).

The solution of the BVP (19) is given by

1
x() = 8% (1 - %) + / Go(t,5) (5,%(5), ¥(s)) ds,
0

h(y) 3t 1
y(t) = i (1 — —> + / Gﬁ(t,s)x/f(s,x(s),y(s)) ds,
2 4 o
where G, Gg are the Green’s functions and can be obtained easily as obtained generally in
(4) and (8), respectively. From the system (19) we take o = 8 = %, 8= 2, y=§£= 3, and
r=2¢€(1,3), and let us take A= % € [0,1]. Then by the use of Theorem 3.2, we have L, =
Ly =2, My =My == =c;=d,;, fori=1,2, and taking K, = 3, Kj, = 3, then assumptions
(C1)-(Cy) are satlsﬁed. We have
(x) 2t 1
Rs) =2 (1-5), G- [ Gultoip(sx(0)y(0) ds,
0

h 1
Foy(t) = % <1 - %), Goy(t) = ./o Gﬂ(t,s)w(s,x(s),y(s)) ds

Since Fy, F,, Gi, G, are continuous and bounded, also F = (F}, F), G = (G, G,), which
further implies that 7' = F + G is continuous and bounded. Further

[F@) - Flan] = 5| 6) - @]

that is, if F is u-Lipschitz with Lipschitz constant % and G is p-Lipschitz with zero con-
stant, this implies that T is a strict-u-contraction with constant % Further it is easy to
calculate 6 = 1.5045. As

1
B= {(x,y) eCIxRxR,R),Ix €[0,1]: (x,9) = iT(x,y)}.
Then the solution
1
|G| =S IT@n] =1,
implies that B is bounded and by Theorem 3.1 the BVP (19) has at least a solution (x,y) in

C( x R x R,R). Furthermore K + 6(Ly + L) = 0.56018 < 1. Hence by Theorem 3.2 the
boundary value problem (19) has a unique solution.
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